In this paper we investigate Hankel operators
Introduction
In [12] Hankel operators with the special symbols z k , k ∈ N, have been considered. Here we try to generalize these investigations in order to obtain more insight for general anti-holomorphic symbols f = 
m denotes the Bergman projection, which has the following integral representation:
Here K m (w, z) is the reproducing kernel, the so called Bergman kernel, which is given by
where {φ k,m } ∞ k=1 is any complete orthonormal system of A 2 m . Most results about Hankel operators only deal with essentially bounded symbols ψ . In that case it is well known, that the Hankel operators are bounded with H ψ ψ ∞ .
In the last years further (spectral-) properties of Hankel operators, like compactness, Hilbert-Schmidt or p-Schatten-von Neumann class were investigated. For some details on this we refer the reader to [2, 14, 15] . There has been some work on Hankel operators on weighted Bergman spaces (see [1, 6, 9, 10] ).
For a general introduction in the field of compact operators and for the p-Schattenvon Neumann class we refer the reader, for example, to [11] . Later on Hankel operators with monomial-symbols z k were studied also on weighted Bergman spaces, especially on generalized Fock spaces-see [12] .
It should be also mentioned that there is the following connection between Hankel operators and the ∂-Neumann problem: the canonical solution operator S to ∂ is a Hankel operator of the form S = (Id − P )z = H z ; if S is restricted to Bergman spaces, or more generally to holomorphic (0, q)-forms. For more details we refer the reader to [3, 4, 7, 8, 13 ].
Hankel operators with general anti-holomorphic symbols
Let H f be the Hankel operator with general anti-holomorphic symbol f , i.e., f is polynomial or more generally a power series f =
. Even the multiplication with z n is only densely defined as an operator from
In this section we investigate continuity of the Hankel operators H f . In the following we will show that there are no continuous Hankel operators with anti-holomorphic symbols if the corresponding symbol is not a polynomial. Let {e n = z n c n,m : n ∈ N} be the natural basis of A 2 m and c n,m the moments corresponding to m. We will suppress the dependence of c n,m on m and will simply write c n . In the following we will assume that f e n ∈ L 2 |z| m in order to ensure that H f (e n ) can be defined in a suitable way. Clearly H f (e n ) = f e n − P (f e n ).
The following proposition calculates H f (e n ) = f e n − P (f e n ) directly.
Proof. Note that
Now we calculate the norm of Hankel operators in terms of the moments c k and the coefficients b k :
So we can conclude the following characterization. 
Note that in case of polynomials f = N k b k z k the formula of the norm reduces for n > N to
In this case we have only to investigate a finite sum of a n (k). In the next section we will give explicit, necessary and sufficient conditions for boundedness and compactness of Hankel operators with polynomial symbols on generalized Fock spaces.
One result will be the following: if k is large enough, i.e., if 2k > m, then a n (k) → ∞ for n → ∞. Consequently boundedness is only possible for polynomial symbols.
Hankel operators with polynomial symbols on generalized Fock spaces
We recall (Eq. Example. On the Fock space A 2 (C, |z| 2 ) the moments are given by c 2 n ∼ n! and so we have
Consequently for polynomial-symbols f = N k=0 b k z k the Hankel operators H f are bounded in case N = 0, 1; but in case N 2 they are unbounded. To see this we note that a n (0) = and a n (1) = 1, for all n 0. Furthermore, for k 2 the coefficient a n (k) is a polynomial of degree k − 1 with leading coefficient equal to
There is also a more direct way to see that the operators H z k are not bounded on the Fock space for k > 1. If k w denotes the normalized reproducing kernel on the Fock space (defined by k w (z) = K 2 (z, w)/K 2 (w, w) 1/2 = e wz−|w| 2 /2 ), and τ w denoted the translation by w (so τ w (z) = z + w), the formula
is valid for analytic functions f such that f k w ∈ L 2 2 , in particular for all polynomials f . Since the functions k w have unit norm, a necessary condition for boundedness of H f on the Fock space is that the norms f • τ w − f (w) 2 are uniformly bounded. If f (z) = z k and n 2, then it is easily to see that
as |w| → ∞, so that the operator H z k is unbounded for k > 1.
Remark. Proposition 2 in [12] also considers the sequence a n . However, [12] only considers the case 2k < m. In this case a n can be written in the form
Here E 1,n and E 2,n are the error terms due to the usage of Stirling's formula and we furthermore have b 1,n E 1,n → 0 and b 2,n E 2,n → 0 as n → ∞ in the case of [12] . Therefore, we did not have to compute the precise form of the error terms in [12] . In order to investigate the asymptotic behaviour of the sequence a n for all values of m we cannot omit the corresponding error terms, because it is no longer obvious that they can be neglected.
Let us recall that on generalized Fock spaces
where
, is the Gamma function. We remember of Stirling's formula with error term (compare [5] )
where O k := O(1/n k ) are the so-called Landau symbols.
The following proposition determines the limiting behavior of the sequence a n = c 2 n+k /c 2 n − c 2 n /c 2 n−k .
Proposition 3.
Proof. Using Stirling's formula it is easy to verify that
It follows from Eq. (2) that a n → 1 as n → ∞ if 2k = m and a n → ∞ as n → ∞ if 2k > m. Also, if 2k < m, then it is easy to show that Eq. (2) implies that
So we can conclude the following theorems.
Theorem 1. Let H f be a Hankel operator with symbol
, which is not a polynomial. Then the Hankel operator 
In case that the power series symbol f is not a polynomial we have n with 2n > m. Consequently we have k with 2k > m. And with Proposition 3 we have a n (k) → ∞ for all k with 2k > m. So clearly H f is not bounded. 2 Proof of Theorem 2. We have only to recall that in case n > N we have
and so with Proposition 3 we get the result. 2
Now we consider compactness conditions of Hankel operators H f with symbol f = N k b k z k on generalized Fock spaces A 2 (C, |z| m ). We will need the following proposition for the further investigations.
Proof. Let 2N = m. With Corollary 1 we get
and with Proposition 3 we have for 2k = m = 2r that a n (k), a r (k) → const(k, m). Consequently the Hankel operator H f cannot be compact. In [12] compactness is shown for The definition is independent of the choice of the orthonormal system. Clearly a bounded linear Hilbert space operator T is Hilbert-Schmidt, i.e., This can be generalized to the definition of the Schatten-von Neumann p-class (or the Schatten ideal S p ):
